Normal micelle aggregates of amphiphilic surfactant in aqueous solvent are formed by a process of entropically driven self-assembly. The self-assembly of reverse micelles from amphiphilic surfactant in non-polar solvent in the presence of water is considered to be an enthalpically driven process. While the formation of normal and reverse surfactant micelles has been well characterized in theory and experiment, the nature of dry micelle formation, from amphiphilic surfactant in non-polar solvent in the absence of water, is poorly understood. In this study, a theory of dry reverse micelle formation is developed. Variation in free energy during micelle assembly is derived for the specific case of AOT surfactant in isooctane solvent using atomistic molecular dynamics simulation analyzed using the energy representation method.
INTRODUCTION
The rich phase behavior and complex dynamics of surfactant microemulsions have been a focus of intense experimental, theoretical, and computational study for decades. The detailed dynamic and thermodynamic behavior of ternary mixtures of surfactant, oil, and water are fundamentally important to the theory of complex solutions. In addition, selfassembled structures such as micelles, reverse micelles, and membranes have great applied importance to biology, as well as environmental and industrial chemistry. As such, the development of a fundamental understanding of the equilibrium state of microemulsions has been a critical goal for the field.
The reverse micelle (RM) is a phase of particular interest, in which surfactant aggregates containing a water core are suspended in non-polar solvent. The RM morphology has been exploited for a variety of applications, including chemical synthesis 1 , drug delivery systems [2] [3] [4] , studies of model membranes 5 , and solute encapsulation 6, 7 . While an empirical approach to the optimization of surfactant mixtures has led to significant advancement, it has proven difficult to physically characterize RM solutions in terms of the distribution of aggregate size and nature of RM structure. As such, there is a pressing need to develop a first-principles theory for the de novo prediction of the RM size distribution as a function of solution composition.
The assembly of normal surfactant micelle in water solvent has long been assumed to be driven by an increase in water entropy following surfactant aggregation and exclusion of water from the micelle interior, leading to favorable changes in entropy and enthalpy upon micelle assembly [8] [9] [10] [11] [12] [13] [14] . The assembly of "wet" RMs from mixtures of surfactants, oils, and water in ambient conditions is typically considered to be enthalpy driven, with the RM phase stabilized by favorable interaction of water and surfactant head groups 15 , with size distributions determined by water loading 16 and salt content 17 attributed to electrostatic interactions 18, 19 . The unique aqueous environment experienced by molecules encapsulated in RMs [20] [21] [22] has been utilized in molecular synthesis 23 and the study of protein structure 24, 25 .
In contrast, clear identification of the principal driving force underlying the formation of "dry" RMs from surfactant in oil solvent in the absence of water has remained elusive 26 . As such, the mechanism of surfactant aggregation in oil solvent in the absence of water and the very existence of dry RMs (hereafter referred to as dRMs) continues to be debated.
In early theoretical work, Ruckenstein and Nagarajan 27 used a free energy functional approach for AOT surfactant in non-polar solvent to argue that interactionf between surfactant head groups and tails creates a free energy minimum associated with the stable formation of dRMs. Stable dRM aggregates were predicted to be restricted to a gradual increase in "aggregation number" (number of AOT surfactant molecules in a given micelle) of less than ten, suggesting the absence of a critical micelle concentration (CMC). Given this prediction, it has been suggested that the experimentally observed CMC in dRM mixtures must result from the presence of trace water molecules (carried over from AOT synthesis and incomplete surfactant "drying") in a ratio of less than one water per AOT molecule.
Motivated by experiments 28 suggesting an inverse hexagonal structure in pure sodium AOT solutions, Harrowell et al. 29 investigated the structure of dRMs in sodium-sulfate ion clusters in the vacuum state. Considering the observed sodium-sulfate ion cluster structure and the structure of AOT reverse micelles as a perturbation of the crystal structure, they obtained a mean aggregation number that was macroscopically large, suggesting that AOT is insoluble in oil solvent.
A variety of experimental studies have confirmed the existence of dry AOT aggregates.
Calorimetric studies [30] [31] [32] confirmed that the stabilizing interaction energy between AOT molecules in organic solvents is so low as to make the formation of AOT oligomers improbable. In contrast, studies based on neutron scattering 33 and absorption spectroscopy 34 support the existence of a critical micelle concentration. In addition, a variety of studies have led to independent assessments of mean dRM size (the mean number,n, of surfactants in dRMs), includingn=18 by vapor pressure 35 , andn=39 andn=56 by light scattering 36, 37 .
More recent small-angle neutron scattering studies 38, 39 have shown a sharp transition in the mean dRM size as a function of AOT concentration in non-polar solvents. Taken together, these experimental studies provide clear support for the existence of a CMC related to dRM formation at higher AOT concentrations. Interestingly, these studies also demonstrate that the dRM size distribution sensitively depends on solvent properties, such as dielectric constant and surfactant solubility 40 .
Significant theoretical work has been done to define the size distribution of surfactant micelles in water solvent. In this work, we extend the seminal work of Yoshii and Okazaki to study the size distribution of aggregates of AOT in pure isooctane solvent. In order to address the inherent complexity of the dRM system, the chemical potential for growth of dRMs is evaluated using the classical free energy functional based Energy Representation (ER) method [51] [52] [53] . The ER method is shown to dramatically increase the efficiency of free energy calculation within sufficient accuracy to provide thermodynamically relevant results. The resulting theory provides a de novo prediction of the surfactant aggregate size distribution, providing evidence for the existence of stable dry AOT RMs and surprising insight into the RM structure and stability.
This paper is organized as follows. In the Methods section, we derive a thermodynamic relation for the relative stability of AOT aggregates as a function of aggregate size. The theoretical foundation for the evaluation of the chemical potential as a function of aggregate size based on free energy calculations is described in detail. In the Results section, we first determine the free energy of dRM growth by addition of solvated surfactant monomers in the energy representation method. Subsequently, the structures and relative free energies of AOT dRMs are characterized as a function of aggregation size. The mean size,n, is derived and interpreted in terms of size-dependent aggregate structural changes. Finally, the theoretical results are used to address discrepancies between prior theoretical predictions and experimental observations. Overall, this study provides the first detailed atomic-level characterization of the equilibrium distribution of dry AOT reverse micelles.
METHODS

Thermodynamic relation for size distribution of each composition
The theoretical foundation of our approach is a definition relating the relative concentration of a dry reverse micelles (dRM) of a given size to the free energy difference between dRMs of varying size and the corresponding activity coefficient. The starting point is the previous works of Okazaki and coworkers exploring the thermodynamic properties of surfactant micelles [47] [48] [49] [50] .
The chemical species model is employed 41, 43, 45, [54] [55] [56] in which the composition of the solution is defined in terms of a distribution of dRMs of varying size assuming each size as a distinct species. The chemical potential µ n of an aggregate composed of n surfactant monomers, nA, is written
where µ 0 n is the chemical potential of a dRM of aggregation number n at standard state and a n is the relative activity of a micelle of aggregation number n in solution at a certain dilution. The standard state is a solvated monomer at infinite dilution, as it is often defined for liquid phase solutes.
The free energy change accompanied by the formation of a dRM of n solutes in solution,
, from n isolated surfactant molecules in vacuum and a pure solvent system is described
For solvent molecules, the chemical potential, µ s , is defined as
in terms of the standard state chemical potential µ 0 s of the solvent and the corresponding activity coefficient, a s . The total free energy of a solution containing dRMs of various sizes, G, can be written
where N n is the number of each size of dRM, and N s is the total number of solvent molecules.
For the association reaction adding one amphiphilic surfactant molecule to an aggregate of n surfactant molecules in solution
the change in free energy is the difference in chemical potentials for insertion of n+1 from n and 1 monomers from vacuum to form dRMs described in Eq. (2). We decompose these chemical potentials to standard state contributions, µ 0 , and contributions from the activity (describing extra-micellar interactions), µ a , as
where the difference in chemical potential for adding one surfactant to a preexisting dRM of aggregation number n at standard state is
The activity coefficient a n is defined in terms of the mole fraction X n and activity coefficient γ n at size n as a n = γ n X n . At equilibrium ∆G n+1 = 0, for which we obtain the final relation defining the dRM size distribution
where X n is the mole fraction of reverse micelles of aggregation number n, and ∆µ 0 n+1 is the change in chemical potential associated with the reaction in Eq. (6) taken to be at standard state (infinite dilution).
Additionally, the effect of molecular indistinguishability may need to be accounted for in practice, depending on the method used to determine ∆G n+1 . Kindt has proposed a correction to account for molecular distinguishability 57 . For the reaction described by ∆G n+1
the forward rate, k 1 , involves only one molecule, A. However, the backward rate, k 2 , involves
n+1 one of the n + 1 indistinguishable AOTs will disassociate, leaving an AOT n-mer. Accounting for this will slightly change the free energy such that
This correction scales as ln(n) and may be considered negligible in many cases when thinking of free energy changes over small ranges of n beyond n=10. As such, this correction does not change the qualitative results of our study or the past work of Yoshii and coworkers.
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Careful consideration of such reaction rates may need to be considered depending on the study and methodology employed in future works.
Physical meaning of thermodynamic quantities
To obtain the size distribution of RMs according to Eq. (11), it is necessary to determine the aforementioned chemical potential difference at infinite dilution ∆µ 0 n+1 and activity coefficient γ n for all physically relevant values of n. The activity coefficient γ n is often derived from fitting experimental solvation data to the predictions of the Debye-Hückel theory.
Consider the insertion of a surfactant molecule into a dRM of given aggregation number n leading to the formation of a dRM of aggregation number n+1. The ratio of concentrations of the two species can be related to the change in free energy upon surfactant molecule insertion as
Having computed the dRM size distribution in terms of the concentrations of dRM sizes, the law of mass action can be used to relate the relative concentrations of dRMs to the solute concentration of surfactant as
Free energy evaluation
In order to determine the free energy change upon insertion of a surfactant molecule into a preexisting dRM we employ the energy representation (ER) [51] [52] [53] . We briefly introduce the formally exact free energy evaluation method of thermodynamic integration (TI) followed by a discussion of the approximate energy representation method (ER).
Following the notation of Frolov 58 , the potential energy function of the solute-solvent system is written
consisting of the solvent-solvent potential Φ(r w ) and full coupling solute-solvent potential v(r s , r w ), where r s represents the configuration of the solute molecule and r w the configuration of the solvent molecules. We assume the λ-dependent solute-solvent interaction is linearly modulated by parameter λ as
where λ = 0 represents the pure solvent system V (r s , r w ; λ = 0) = Φ(r w ) and λ = 1 represents the full interaction between solute and solvent V (r s , r w ; λ = 1) = Φ(r w )+v(r s , r w ).
Thermodynamic Integration (TI) approach
The excess chemical potential (change in solvation free energy) of the solute can be written using Kirkwood's charging formula
which forms a popular foundation for thermodynamic integration (TI). The quantity ρ λ (r s , r w ) is the normalized classical density distribution corresponding to a potential energy of interaction given by Eq. (17) for a particular value of λ. In TI, knowledge of intermediate states between λ = 0 and λ = 1 is required for evaluation of the λ integral. As such, the ensemble average of ∂u λ /∂λ is required for each value of λ. An effective parameterization of V (r s , r w ; λ) and sufficient sampling at intermediate and end states are essential to the success of the TI approach.
Energy Representation (ER) method
An alternative to the formally exact TI approach is the approximate energy representation (ER) method. In the ER method, integration over configuration space of the solute and solvent is replaced by integration over the interaction energy between solute and solvent.
The classical density distribution ρ λ (r s , r w ) is replaced by the probability density of specific values of the interaction potential
where the energy coordinate is defined as
The completeness and equivalence of the energy representation to the phase space representation are supported by the Kohn-Sham density functional theorem. In the ER method, information for parameterizing the energy density is obtained from computer simulation.
The formally exact result for µ ex given by Eq. (18) may be reformed as
where u sw,λ=1 ( ) = v sw ( ) = from the definition of the energy coordinate. The first term corresponds to the contribution of the solute-solvent self energy. To evaluate the second term, we introduce an auxiliary function ω sw,λ , which is the analogue of the the potential of mean force and defined through the relation
The function ω sw,λ ( ) captures the many-body interaction between solute and solvent.
The energy density is written as the linear combination
and given the potential of mean force and direct interaction energy u sw,λ ( ), we can transform the second term in Eq. (20) as
where we have used the identity
Finally, the excess chemical potential in the energy representation can be written 
where
dλω sw,λ=0 ( ). The specific form of α( ) is discussed in detail elsewhere 52, 58 . In this way, the λ integral required for the determination of the excess chemical potential in the ER method may be evaluated solely based on knowledge of the energy density at the endpoints λ = 1 and λ = 0 through ρ sw,λ=1 ( ) and ρ sw,λ=0 ( ). In this way, the simulation of intermediate states for the system is avoided, providing a distinct advantage over the TI method. However, many-body effects are approximately included.
In systems for which many body interactions are important, the accuracy of this method is expected to diminish.
Application of the ER method
We employed the ER method to determine the chemical potential differences (Eq. 10) to understand the size distribution of AOT dRMs in pure isooctane solvent within a thermodynamically relevant range of n. We chose to investigate dRMs of n = 1, 10, 20, 30, 40, 50, 60, 70, 75, 80, 90, and 100, requiring simulation of each corresponding n+1 dRM for each n dRM. Rather than directly compute the formation of n-mers from vacuum, which we defined to derive Eq. (11), we directly evaluated ∆µ 0 n+1 by using the ER method to calculate the free energy of insertion of monomer in solution to a n-mer in solution. To calculate ∆µ For example, ∆µ as illustrated in Fig. 1 . This was accomplished by evaluating the interaction density function via simulation of (1) the "solution" system of an AOT 11-mer in isooctane solvent and (2) the "reference" systems of two independent simulations, one of an AOT 10-mer in isooctane and one of a simulation of an AOT monomer in isooctane. The reference systems were used to evaluate interaction energies of AOT monomer test insertions to the 10-mer solution.
Test insertions of AOT monomer centers of mass were constrained to a spherical region described by the radius of gyration (R g ) of the 10-mer dRM, 0<r<R g . Fig. 1 describes the simulations needed to determine ∆µ 0 10+1 . Test insertions of the solute were performed 10,000 times for each reference configuration.
Error bars were computed using the following scheme. (1) Averages were calculated for the solution system with statistical error measured by splitting the trajectory into tenblock subtrajectories. (2) Energy distributions were constructed in which the energy was discretized, respecting a mesh size of ∆ . The mesh size was increased from a chosen size to that value multiplied by a factor of 1, 2, 3, ..., and 10, e.g. ∆ =0.001, 0.002, ..., and 0.01 kcal/mol. ∆µ 0 computed for each mesh size was used as a measure of the mesh size error.
Differences in ∆µ 0 between trajectory blocks using the same mesh size were found to be at most 2.0 kcal/mol for all aggregate sizes. As an example, the composite error of roughly 12 kcal/mol for n = 90 is composed of the statistical error in the trajectory average of 2.0 kcal/mol and the error associated with mesh size dependence of 10 kcal/mol.
System setup
Initial conditions were defined by spherically arranged configurations of surfactant molecules created using Packmol 60 . Isooctane solvent molecules were arranged surrounding the sphere of AOT, leaving a vacuum in the dRM center. The energy of each system was minimized using the steepest descent algorithm to remove bad contacts. Each system was subsequently equilibrated in the NVT ensemble with velocity rescaling for 300 ps, followed by equilibration in the NPT ensemble with Nose-Hoover and Parrinello-Rahman coupling for 300 ps. Finally, each system was equilibrated at 300 K and 1 bar to find an average density of approximately 0.7 g/cm 3 . Production runs were subsequently performed for 70 ns in the NVT ensemble. In these simulations, the time step was 2 fs using bond length constraints through LINCS for all hydrogens bonded to heavy atoms. Electrostatic calculations were performed using the Particle Mesh Ewald method with a 1.2Å cutoff in a rectangular box.
The van der Waals term was calculated using a potential switch between 1.0 and 1.2 nm. We employed the modified CHARMM force field developed by Abel and coworkers 61 for AOT surfactant and isooctane solvent molecules. A list of n + 1 systems studied is provided in ele I with accompanying R g and As. Images were rendered by VMD 62 . GROMACS 5.1 [63] [64] [65] was used to perform system preparation, minimization, and molecular dynamics simulation.
Structural and statistical analysis was performed using R 66-68 .
Production simulations of (n+1)-mer systems were 70 ns length, employing a sampling interval of 10 ps. Production simulations of n-mer reference systems were 70 ns in length and employed a sampling interval of 4 ps. Only the last 50 ns of both of these simulations were used for analysis with ERmod. The structure of the AOT monomer reference system was performed for 70 ns with a sampling of 0.4 ps and only the last 5 ns of this simulation were used for test insertions.
Following simulation we found that dRM aggregates formed irregular, non-spherical shapes. As is often done in studies of micelle structure, we quantified the deviation in dRM shapes from a perfect sphere by calculating the asphericity (A s ) of dRMs in the last 50 ns of all simulated systems. For a RM of total mass, M , the principal moments of inertia, I 1 > I 2 > I 3 , are related to the semiaxes a, b, c defined as
For the semiaxes a > b > c of an ellipsoid, A s is defined
where A s = 0 for a sphere. The radius of gyration R g is defined as
where m i is the mass of atom i at distance r i from the RM's center of mass r com . The average radius of the dRM is (abc) 
RESULTS
We characterized AOT aggregates of n-components in isooctane solvent, forming "dry" reverse micelles (dRM) of size n. The radius of gyration (R g ), asphericity (A s ), and mass distribution functions of these dRMS provide insight into their internal structure. Table I lists the compositions of each simulated system, defined by the number of AOT molecules and the overall number of isooctane molecules used in the free energy evaluation. As expected, the R g increases as n increases, and A s approaches zero at large n.
A principal result of this study is the determination of the chemical potential at standard state (infinitely dilute solution) for the process of adding one surfactant, A, to an existing micelle aggregate: The overall profile of ∆µ 0 n+1 shows a rapid decrease with increasing aggregate size for small n, followed by a minimum near n=20 and subsequent increase to intermediate values near n=30. As n increases further, a broad second minimum is identified followed by a plateau for larger n. Insight into the non-monotonic behavior of the free energy is provided by the representative structures associated with the two minima and intermediate maximum.
Clearly, the dry micelle aggregates possess a structure that is not well captured by the radius of gyration and asphericity alone.
Further insight into the structure of aggregates of varying size is provided by analysis of the internal mass density distribution. Fig. 3 depicts the mass density of several atom groups as a function of distance from the center of mass of the dRM. The mass distributions suggest that the abrupt change in free energy between n=20 and n=30 results from the aggregation of head groups near the center-of-mass of the dry micelle.
In the n=20 dRM AOT head groups colocalize near the center-of-mass leading to a peak in the sulfur atom mass distribution near 8Å, and oxygen and sodium peaks also appear near 8Å. As the representative inset structure shows, the head groups form a folded "taco shell" conformation rather than a spherical aggregate. This allows for the formation of a compact micelle structure with head groups packed near the micelle center while minimizing head group repulsion. A few isooctane molecules were found to be filling the core of the is a local maximum in Fig. 3b . Head group repulsion leads to a more complex dRM structure. While the overall asphericity of the aggregate is small (0.21), the internal structure associated with the arrangement of surfactant head groups creates two joined tori. This internal structure reflects a mass distribution with a strong peak in AOT tail group density near 5Å, with a wider sulfur atom distribution between 6Å to 12Å. This suggests that the shift in the position of the AOT sulfur atoms make an important contribution to the free energy surface maximum. It seems that the identity of dRM core molecules (isooctane or AOT tails) has little effect on the interaction energy in comparison to the electrostatic energy of surfactant head group interactions.
As the micelle size increases further to n=60, at which point we observe the global minimum in chemical potential, a second morphological transition occurs in Fig. 2 . A spherical shell of AOT head groups form, reflected by a peak in the sulfur atom mass density between 14Å and 17Åin Fig. 3c . There is a substantial density of surfactant tail groups and isooctane molecules in the center of the micelle, suggesting that the micelle core is composed of non-polar molecules in contrast to the structure of a "wet" reverse micelle.
This arrangement of surfactant head groups, distributed over a spherical shell containing surfactant tail groups as well as non-polar solvent, is reflected in a decrease in ∆µ 0 n+1 . After n=60, ∆µ 0 n+1 is observed to plateau at a constant value within the error bars of our computed values.
The observed penetration of non-polar solvent molecules has been proposed for wet reverse micelles in benzene solvent based on NMR experiments 70 . However, the inclusion of nonpolar solvent in the core of dry AOT RMs has not been previously observed or proposed.
Moreover, the structural fluctuation of solvent molecules after the formation of the micelle is consistent with the unfavorable entropy and enthalpy differences observed in experiment.
In normal micelles, after micelle formation fluctuations in surfactant molecules decrease while fluctuations in water molecules increase, leading to an increase in entropy during micellization. However, in dRM formation micellization causes surfactant molecules to lose translational entropy, leading to a decrease in total entropy. This provides an explanation for the negative entropy change associated with RM micellization. It appears that the structure of larger dRMs balances the favorable aggregation of surfactant while minimizing the penalty of electrostatic repulsion among charged anionic head groups. Upon reaching a critical size, the dRM is able to form a spherical structure characterized by a shell of head groups with non-polar surfactant tails facing outward from the dRM center, encapsulating a non-polar solvent core. This addresses the long-standing question regarding how anionic AOT surfactant molecules can form reverse micelle structures in non-polar solvent in the absence of a cosurfactant or water.
This work thus far has only considered AOT dRMs in near infinite dilute condition, such that there is no contribution to the chemical activity from inter-micellar interactions. Considering the activity coefficients for AOT reverse micelles, we expect that molecular charging will require higher energy cost in non-polar as opposed to water solvent. In particular, the anionic AOT molecules strongly mediate such charging in non-polar solvent 71, 72 , and we expect that electrostatic interaction among RMs strongly affects their size distribution. Similar electrostatic interactions have been examined in various experiments and explained in terms of Debye-Hückel theory and its screened potential form [73] [74] [75] [76] . Moreover, the charge fluctuation theory by Eicke et al., which assumes no electrostatic interaction was found to agree with wet RM experimental data only at relatively higher water concentrations, failing as water concentrations approached dry conditions. Those authors assigned the observed deviation to inter-micellar electrostatic interactions in dry conditions 77 , implying that dRMs are charged during collisions at equilibrium. These past observations in combination with our observation of dRM size and shape (controlled by intra-aggregate electrostatic repulsions)
suggest that Debye-Hückel theory can provide an accurate description of the activity. As such, we assume
implying a simple relation between representative charge and aggregate size, log γ n ∝ α q 2 = αn 2 as previously used for normal micelles 49 . We note that there is no molecularly-detailed information available for the inter-micellar charges felt by dRMs as a function of size. As such, we assume that the charge and size are proportional to each other for simplicity.
With this assumption, α determines how much the charge of dRMs increase as a function of size, which may depend on conditions such as the identity of non-polar solvents, the ionic strength resulting from head group charges and counter ion type, and temperature. This scaling is expected to be valid in dilute neutral electrolyte solution for concentration on the order of 0.1 M. To investigate the effect of varying activity coefficient, we explored a range of α, −∞ < α < 0 (0 < γnγ 1 γ n+1 < 1). In this range α=0 represents a "phase separated" state, where the largest possible dRM is formed from all surfactants in the solution. α=−∞ represents a "salt-out" state where only monomers are formed in solution. Somewhere within this range, we expect a value of α which produces a "micellar" solution, exhibiting a critical micelle concentration near our first local minimum in ∆µ 0 n+1 . Using this assumed relation allows us to probe the effect of interaggregate interactions for a given size distribution.
We rewrite the size distribution given in Eq. (11) relative to an assumed monomer mole fraction, employ our assumed value for α, and multiply smaller size relations iteratively transforming Eq. (11) into log X n = n log X 1 + α
This equation displays how the free energy surface and α determine the mole fraction of aggreagtes of size n. Using this relation, we demonstrate the values of α that produce the aforementioned "salt-out", "micellar", and "phase separated" distributions of X n Fig. 4 .
The "salt-out" and "phase separated" conditions correspond to α −∞ and α=0. We discovered that a value of α=-2 produces an apparent critical micelle concentration atn=28. The actual solution of AOT surfactant in isooctane solvent must balance electrostatic repulsions and entropic penaltiesf resulting from the aggregate concentration in the equilibrium state 71 .
This implies that larger aggregates have strong electrostatic repulsion while monomer and smaller aggregates are stabilized by entropy. These results suggest that interaction between dRMs are sensitive to AOT surfactant concentration.
To better appreciate the aggregate size distribution depicted in Fig. 4(b) , the balance of each term in Eq. (34) is shown in Fig. 5 . α was set to -2 and the total mole fraction was conserved at the CMC for the X 1 term. These separate contributions show that the finite aggregation at n=28 occurs due to the convex nature of the cumulative sum of free energy from the local minimum at n=20 through the local maximum at n=30. The narrow distribution is a direct reflection of the height of the barrier separating the local minima.
The height of the barrier is on the order of several tens of kcal/mol resulting in a relatively monodisperse aggregate size distribution characteristic of a critical micelle concentration.
Rather than impose a constant α for any total concentration of AOT, as in Eq. 33, it is more physically meaningful to introduce penalties to the size distribution of dRMs when surfactant concentrations exceed the critical micelle concentration, c m . A small change in the mean aggregate size after the CMC was reached has been observed in experiments 39 .
This implies that near the CMC the activity coefficient abruptly increases from near zero as a function of concentration, and may subsequently be considered essentially constant.
While normal micelle formation is dominated by the free energy difference between dispersed aggregated states and micelle states, it seems that interactions among dry micelles are a driving force that determines the equilibrium state size distribution. The importance of micelle-micelle interactions for the observed phase transition near the CMC has been previously suggested [78] [79] [80] [81] . However, to our knowledge, no previous theory has captured the difference in free energy associated with intermicelle interaction.
As such, we employ an interpolation of α between values representing the salt-in state (α salt−in ) and micelle state (α micellar ) using a sigmoidal function to reproduce the sudden occurrence of micelles near the CMC as a function of the surfactant concentration (c= n=1 nX n ) expressed as
where A and B scale the sigmoid form, set to A=10 6 , and B=35. We set α salt−in =-30 and Note that the observed transition is invariant to the specific nature of the function used to model α. Fig. 7 shows the continuous change in the micelle size distribution as a function of α. The mean size of the dry micelle is observed to depend on the value of α, while the point at which AOT molecules form aggregates from monomers is relatively insensitive to α. This suggests that the sigmoidal function employed in this work to interpolate values of the activity coefficient up to the CMC, given by Eq. (35), does not influence the specific regime in which the first dry RM is observed.
In addition, the mean aggregate size,n, for the distributions gradually increases from 1 in salt-out conditions throughn=30 by varying α from −∞ to -2. This behavior is in agreement with the experimentally reported values of surfactant AOT ranging fromn=30 in n-octane, to 37 in n-decane, ton=44 in n-dodecane 37, 83 . This implies that if the activity coefficient gradually increases as a function of AOT concentration, the system will display no CMC in this region. Consider the gradual increase observed inn, which shows a sharp transition for 30 to 65 (Fig. 7) . Moreover, regions of higher AOT concentration may stand beyond the dilute solution limit. These specific aggregate sizes correspond to local maximum values in ∆µ 0 n+1 . We must note, however, that our results for the mean free energy are accompanied by large error bars. As such, the transition from 30 to 65 may be an artifact. Assuming that the free energy surface is constant after n=50 in ∆µ 0 n+1 , our results imply that the surfactant AOT molecules become insoluble near n=100, in agreement with the liquid crystal state of the ternary phase diagram along the AOT/isooctane line 84 .
DISCUSSION
In this study, we have obtained the size distribution of dry surfactant AOT aggregates in non-polar solvent. The free energy of the isolated aggregate formation was evaluated through free energy simulation using the energy representation method. The obtained free energy surface demonstrates that small surfactant aggregates can form, resulting in a dense surfactant head group region. In surfactant aggregates, the AOT heads groups disperse from the center of mass of the aggregate and create a core region that can accommodate isooctane solvent molecules. The spontaneous formation of a pore-like "taco shell" structure allows for minimization of head group repulsion and the formation of stable dry RM aggregates.
In modeling the interaction of dry RM aggregates, we employed the Debye-Hückel theory scaling relation for variation in the activity coefficient with increasing aggregate number in dilute solution. It was observed that depending on the degree of interaction, the dry RM size distribution displayed a variety of aggregate forms including soluble dry micelles and insoluble aggregates.
Previous theoretical work has doubted, the existence of a CMC for dry RMs 27,29 . We believe this was a direct result of an inability to accurately describe the free energy of solution of dry RM aggregates assuming ideal solution conditions. Recently, Kislenko and Razumov 85 investigated dry RM formation in an AOT/hexane system using thermodynamic integration and all-atom simulations. Their free energy surface showed features similar to the dependence reported here. However, their final size distribution contained dRMs of finite size, but these were found to be roughly twenty orders of magnitude smaller than that of the monomer, and much lower than that of the largest aggregates which had formed due to ideal solution conditions. This demonstrates that one must account for interactions between surfactant aggregates. In this work, we obtained the formation free energy of aggregates through free energy evaluation using the energy representation method. The mean aggregate size was found to increase as a function of total surfactant concentration in a way that depends on variation in the activity coefficient.
If the activity coefficient displays a weak increase as a function of concentration, the mean aggregate size displays a gradual increase from n=1 to 30. This dependence is determined by the variation in the chemical potential ∆µ 0 n+1 as a function of dry RM size. For aggregates larger than 30, the mean aggregate size was observed to undergo an abrupt transition to much larger aggregate sizes. This dependence results from the variation in the monomer activity coefficient with an increase from 0 (an extreme "salt-out" condition) to 1 (an ideal solution condition).
From this variation, we conclude that the interaction of surfactant aggregates in non-polar solvent plays a major role in dry RM formation. This behavior is quite distinct from normal micelle formation, approximately expressed using ideal solution conditions. Moreover, our results suggest why calorimetry experiments 30 have failed to observe the existence of a CMC for dry AOT surfactant RM formation.
The computed free energy surface suggests that there will be only a minor change in aggregate size distribution as a result of a modest increase in temperature of the RM phase. Note that at the threshold temperature separating the RM and liquid crystal states intermicelle interaction is found to be critical. This implies that a change in temperature cannot trigger a shift in the equilibrium state between a distribution dominated by surfactant monomers and one defined by aggregates. As such, we do not observe a maximum in the heat capacity as a function of surfactant concentration.
Our results also suggest a reason for the observed deviation in mean aggregate size in experiment. In larger aggregates n > 20, we observed the penetration of isooctane molecules in the center of the surfactant aggregate, with the solvent "core" surrounded by aliphatic tail groups of the AOT surfactant. In experimental estimates of the mean size of surfactant aggregates, it is typically assumed that the aggregate is solely composed of AOT surfactant molecules. This assumption may lead to an overestimate in the aggregation number. In the case of dry RM formation by AOT surfactant in isooctane solvent, we estimate that this overestimate of the aggregation number can be as large as 10. In addition, many experimental studies assume a spherical surfactant aggregate. However, we observe that due to the formation of the solvent core large aggregates may deviate from a spherical shape. Moreover, the penetration of non-polar solvent in dRMs may cause a decrease in entropy upon micellization.
We compute the chemical potential in the infinite dilution limit, ∆µ 0 n+1 . We have developed a theory which separates "ideal" (intra-micellar) and "non-ideal" (inter-micellar) contributions to the free energy as dependent on surfactant concentrations which determine the dRM size distribution. The following is a brief discussion of how these contributions inform the total free energy.
Consider the reaction R n + A R n+1 . The equation µ n = µ 0 n + kT ln a n = µ 0 n + kT ln(γ n X n ) demonstrates that the free energy consists of two terms, an ideal contribution, µ ideal n = µ 0 n + kT ln X n , and non-ideal contribution, µ non−ideal = kT ln a n . The non-ideal contribution can be written kT ln
, where H n and S n are the enthalpy and entropy of a micelle of size n, respectively. If the size and morphology of a micelle of size n+1 do not show significant change between the standard state and actual solution state, we expect that the entropic contribution to the non-ideal component of ln(γ n ) will be modest. In contrast, the standard state enthalpic contributions from intermicelle interactions involving aggregates of size n and n + 1 are not expected to be significant compared to the contribution from micelle-solvent interaction. However, at higher concentration the binding reaction is completed in the presence of other micelles. As such, the major con- This reasoning demonstrates that the change in activity coefficient includes contributions from intermicelle interaction as a function of AOT concentration.
We make one further observation. We have employed the chemical species model for the derivation of our thermodynamic relations. An assumption of the model is that the activity coefficient γ n is a function of the distribution of sizes of other micelles present in the solution or that Finally, the current treatment of activity in Debye-Hückel theory is the simplest one.
Although variation of the parameter covers the region of experimental mean aggregate size from 30 to 60, a more refined model is necessary to understand how a specific experimental condition affects the mean aggregate size. The development of a more detailed interaction model for RM formation is a future goal for the field.
In summary, our results suggest that in non-polar solvent, molecular interactions between surfactant aggregates and non-polar solvent molecules play an important role in establishing equilibrium for dry RM formation due to the fact that surfactant molecules demonstrate a weak ability to associate in non-polar solvent. Addition of water molecules to a dry RM system leads to the formation of a wider variety of stable RMs. The extension of the formalism developed in this work to the case of "wet" RMs, such as those found in a ternary AOT/isooctane/water system, should allow for a similar characterization of the equilibrium RM size distribution.
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